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Design of Nonsaturating Guidance Systems
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Design of nonsaturating guidance systems is considered. Assuming linearized kinematics, a proportional navi-
gation guidance model is introduced. The missile guidance loop discussed contains nonlinearities such as limited
missile maneuverability, limited acceleration command, and constrained measured line-of-sight angular rate. A
novel approach, based on input-output stability, renders design guidelines that assure operation in the nonsat-
urating region, given the missile-target maneuver ratio. These guidelines yield a proportional-navigation-based
guidance law that assures zero miss distance for any bounded target maneuver. It is shown that if the total dynamics
of the guidance loop is designed to be positive real, and the effective proportional navigation constant is chosen to
be a simple function of the maneuver ratio, no saturation shall occur. The illustrative examples validate the analysis
and show that the new guidance law is robust enough to guarantee a significant performance improvement even if

the design guidelines are somewhat loosened.

Nomenclature
a = lateral acceleration
L',L?,L* = normed space
N’ = effective proportional navigation constant
{PR} = class of positive real (PR) functions
R = missile-target relative range
r = relative order of a rational function
ty = flight time
Vv = velocity
Ve = closing velocity
y = missile-target relative vertical position
¢ = damping coefficient
A = line-of-sightangle
u = bound on the required missile-target
maneuver ratio
Hy = required missile-target maneuver ratio
Ho = given missile-target maneuver ratio
T = time to go
7 = time constant
W, = natural frequency
-1, = p norm
-1l = 00 norm
Subscripts
C = commanded value
f = final value
M = missile
T = target
0 = initial value
Superscript
) = time differentiation
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I. Introduction

HE design of a guidance law for a given missile system is

effected primarily from the a priori knowledge of the missile
acceleration capability. When the missile-target maneuver ratio is
known, a suitable guidance method can be synthesized. Several ap-
proaches to confront this problem have been suggested in previous
studies. Based on optimal control theory, explicit formulas of opti-
mal guidancefor accelerationconstrained missile were derived both
for the deterministic' and stochastic? cases. The differential games
approach has also been utilized? In both approaches, the guidance
law is sought by solving a dynamic optimization problem.

However, in many actual applications, the guidance law is cho-
sen without performing a constrained optimization. The designer
chooses the guidance law based on considerations involving the
available measurements, the minimization of miss distance, and the
ease of implementation. The problem of limited accelerationis then
dealt with by a proper tuning of the guidance law parameters. The
basic questionis then whether after determining a guidance method,
it can be improved such that missile acceleration (or any other state
variable) saturation is avoided.

One of the most commonly used guidance laws is proportional
navigation (PN). A vast amount of literature exists on the subject
(e.g.,see Refs. 4 and 5 and the references therein). In a conventional
PN guidance (PNG) system, it is known®~# that an infinite missile
accelerationis requirednear interception. This means thatsaturation
is always reached, and miss distance will be greater than predicted
by linear analysis.

Our main goal is to characterizea set of PN-based guidance sys-
tems, in which saturationis avoided. Thus, the basic guidanceframe-
work is set to be PNG, and an improvement to this guidance law is
sought, such that a priori knowledge of the missile-target maneuver
ratio will suffice to guarantee a nonsaturating operating region. It
will be shown that this class of improved PN-based systems yields
zero miss distance (ZMD) for any bounded target maneuver.

Although the general problem of PNG features nonlinear kine-
matics, to apply known techniquesof analysisand design, the system
equations are linearized, yielding an equivalentlinear time-varying
system. The linearizationis valid when it is assumed that the missile
and target approach the so-called collision course. It is known that
the linearized model faithfully representsthe guidance dynamics >-°
Based on the assumption of linearized kinematics, we introduce
nonlinearities associated with acceleration saturation either in the
outputor the command channels. An additional nonlinearly we con-
sider is the measured line-of-sight (LOS) angular rate saturation.

The aprioriknowledgeof missile-target maneuverratiois usedto
characterize the PN-based guidance systems dynamics that render
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nonsaturating behavior. This is performed by implementing func-
tional analysistools, mainly the conceptof bounded-inputbounded-
output stability in appropriate functional spaces.!®~'> Valuable
design guidelines are derived that offer a simple improvement of
a PNG system such that saturation is avoided. Based on previous
works,'>™* it is pointed out that when saturationis prevented, ZMD
can be obtained for any bounded target maneuver. Furthermore, we
show that the design guidelinescould be somewhatrelieved without
a substantial modification of either the nonsaturatingor ZMD prop-
erty. The novel approach offered in this paper will be illustrated in
several examples.

The paperis organizedas follows. Section II presents some math-
ematical backgroundin the fields of functional analysis and positive-
real functions. In Sec. 111, the problem of designing a nonsaturating
PNG-based guidance system is introduced. Section IV gives a def-
inition of input-output stability and discusses the appropriate theo-
rem. In Sec. V, this theorem is applied in a PNG loop. Section VI
suggests the design implications stem from the preceding discus-
sion. Section VII expands the results to the prevention of saturation
of state variables other then output maneuver acceleration. The il-
lustrative examples of Sec. VIII are used to validate the results. In
Sec. IX, some concluding remarks are outlined.

II. Mathematical Background
In the sequel, we extensively implement functional analysis.
Therefore, some well-known definitions of frequently used signal
and system norms are briefly presented. Let E be a linear space de-
fined over the field of real numbers ®. The following signal norms
are defined!> on appropriatesubsetsof E for some causalsignalx(¢):

A tf 1/p
llxll, = (/ IX(t)Iﬂdt) .
0

A
llxlle = esssuplx(n)l )
1€[0,17]

I<p<o (1)

where as usual, esssup, (g, |x(1)] 2 inf{k| [x(#)| <k almost
everywhere} (in the sequel, we use the notation sup instead of
ess sup).

The corresponding normed spaces are denoted L”[0, #;] and
L>[0, t/], respectively. Note that x(¢) € L”[0, t/] if x(¢) is locally
(Lebesgue) integrable, and in addition

llxll, < oo, p €[l 0) 3)
Accordingly, x(t) € L [0, t/] if
llxlle < o0 4)

We consider system norms as well. The systems are assumed linear,
time invariant, causal, and finite dimensional. In the time domain,
input-outputmodels for such systemshave the formof a convolution
equation,

y =h'u =/ h(t — t)u(r)dr (5)
where, due to causality, () =0 for ¢ < 0.

Let H(s) denote the transfer function, the Laplace transform of
h(t). The following system norms are defined'®:

Al & / h(1)] dr 6)
0
oo 3 | o i
lIAll, & ( / |h<r>|2dr> =(§ / |H<jw>|2dw) =|1H|l
(7)
IHll £ suplH(jo) @®)
w€ R

The corresponding normed spaces are denoted L', L?, and L™,
respectively. The notation 2 € L', h € L%, and H € L® means that
the system norm in the appropriate normed space is finite.

For the implementation of the stability theorem, the following
definitions are required.

Definition 1: A function h(2):[0,00]— R is said to satisfy
h(t) € A, if and only if

(1+0h(t)e L' nL? 9)

Definition 2: A function h(t): [0, oo ] — R, with h(t) =h,(¢) +
hy(t) and H,(s) the Laplace transform of h,(?), is said to satisfy
h(t) € A, if and only if

hi(1) € Ay, Hy(s) (10)

is strictly proper. The analysis hereafter shall utilize the so-called
positive real (PR) functions, defined as follows.

Definition 3: Some stable transfer function H (s) satisfies H(s) €
{PR} if and only if

ReH(jw) =0, Yo € R (11

Notice that Eq. (11) is satisfied if and only if

—n/2 <(H(jw) <7/2, Vo € R (12)

where LH (j o) is the phase of H(s).
It is known!” that for Eq. (11) to hold it is necessary, but not
sufficient, that

r[H(s)]=1 or 0 or -1 (13)

where r is the relative order of H(s), that is, the degree of the
denominator minus the degree of the numerator.

III. Problem Formulation

The problem of designing a nonsaturating PN-based guidance
system will be addressed using a familiar formulation of a simpli-
fied PNG model. Although the three-dimensional PN interception
problem is rather complicated, a considerable simplification is ob-
tained when assuming that the lateral and longitudinal maneuver
planes are decoupled by means of roll control. Thus, we shall fur-
ther assume that the geometry is two dimensional.

The preceding assumption permits the formulation of a general
planarinterceptmissile-target geometry as showninFig. 1. Figure 1
describesa missile employing PN to intercepta maneuveringtarget.

Based on Fig. 1, a linearized model of the guidance dynamics
can be developed. Such a model is widely used in the analysis of
PNG.*>89 A block diagram describingit is given in Fig. 2. In this
linear time-varying system, missile acceleration a,, is subtracted
form target acceleration ar to form a relative acceleration y. A
double integrationyields the relative vertical position y (see Fig. 1),
which at the end of the engagement is the miss distance y(z;). By
the assumption that the closing velocity V¢ is constant, the relative
range is given by

R=Vq.-1 (14)

LOS

Reference Line

Fig. 1 Interception geometry.
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Fig.2 Linear PNG model block diagram.

where 7 is the time to go, defined as
2y (15)

Dividingtherelative vertical positiony by therange givenin Eq. (14)
yields the geometric LOS angle A. It is assumed that A is a small
angle. The missile seeker is represented in Fig. 2 as an ideal differ-
entiator with an additional transfer function G (s), representing the
LOS measurement and noise filtering dynamics. The seeker gener-
ates an LOS rate command A¢, which is multiplied by the PN gain
N'- V¢ to form a commanded missile maneuver acceleration ac,
with N’ being the effective PN constant. The flight control system,
whose dynamics are represented by the transfer function G,(s), at-
tempts to maneuver the missile adequately to follow the desired
acceleration command.

The linear model presented is based implicitly on the assumption
of nonlimited missile maneuverability. Actually, every real missile
system is subject to maneuverability saturation due to acrodynamic
or structural constraints. To complete the guidance model descrip-
tion in this case, the required missile maneuver acceleration ay is
introduced. The nonlinear relationship between the actual and re-
quired missile maneuveris defined by

ay =aMmeat{aR/ame} (16)
where
; A )x if x <l
SO =10 i s (17)

Equation (16) implicitly assumes that the limit on missile maneu-
verability is of the aerodynamic type due to mechanical limits of
control fin deflection or to hinge moment saturation. This limit is at
the output of the guidance channel, as shown in Fig. 3a. However,
in many missiles the limit is imposed on the accelerationcommand.
This limit is usually designed to be sufficiently conservative, such
that an aerodynamic saturation, mentioned earlier, is not reached.
In this case, the limited accelerationcommand is denoted a; , where

ap = acmxsat{ac /acmx } (18)

This limit is shown in Fig. 3b.

An additional state variable of the guidance loop is usually lim-
ited: the measured LOS angular rate. This limit stems from either
full-scale measurement capability of the seeker rate gyro or a max-
imal tracking rate. In this case (Fig. 3c), the limited LOS angular
rate A, satisfies

At = dmax SA{A/ Ana } (19)

In a conventional PNG system, it is known®~® that an infinite missile
acceleration is required near to intercept (r — 7). This means that
saturation is always reached, and miss distance will be greater than
predicted by linear analysis. Our goal is to characterize a set of
PN-based guidance systems, in which saturation is avoided. It will
be shown, that this class of systems yields ZMD for any type of
bounded target maneuver. The treatment hereafter will consider the

P.N. Gain

Flight Control Acceleration
System Limit

Seeker Dynamics

Fig. 3a Limited output acceleration.

. P : a
—ﬂ'._> G(S) ﬂ( NI/C <

v

Gy(s)

Seeker Dynamics P.N. Gain Acceleration Flight Control

Limit System

Fig. 3b Limited acceleration command.

G [ v . Guls) . =

Seeker Dynamics P.N. Gain Flight Control

\4

LOS rate
Limit System

Fig. 3¢

Limited LOS angular rate.

case of a limited output acceleration. Nevertheless, the other types
of limits mentioned will be discussed later in the study.

Consequently,itisnecessaryto find some bound it on the required
missile-target maneuver ratio u, defined as

A SuPte[O,t,llaM(t)l

= — 20
a SUPtem,t,ﬂar(fﬂ 20
If u is found to be smaller than the a priori known missile-target
maneuver ratio tio, no saturation will occur.

In the case of PNG, due to the divergence of the state vari-
ables at the vicinity of the interception, we have lim, . ;| ()| —
oo Var(t) £0. We shall prove that there is a way to modify the
PNG law such that sup, (o, jlan ()| < 0. Moreover, we shall find
a constant u such that

sup lay(®| =llay()lle <pllar()lle =p sup lar(®)| (21)
tef0,tr] tef0,tr]

A proper assessment of u, together with a proper design modifi-
cation of the PNG, might yield the aspired nonsaturating guidance
system.

Remark 1: Clearly, p is not uniquely defined by the preceding
inequality. It is clear that we are interested in the smallest ¢ such
that Eq. (21) still holds.

Inequality (21) describes a bounded-input bounded-output sta-
bility problem in the functional space L™ [0, t;]. An application
of this problem to a PNG loop is the main issue dealt with in the
forthcoming sections.

IV. Input-Output Stability Definition
and Sufficiency Theorem
Consider the nonlinear time-varying feedback system shown in
Fig. 4. The inputto the systemis u(t) € R and the outputis z(¢) € R.
These signalsare defined fort € [0, ¢/]. K, (s), K,(s), and K;(s) are
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A4

Ky(s) I Z(Q

Ki(9)

L@—» [T Ei y/(x,t)'

Fig.4 Nonlinear time-varying feedback system.

linear time invariant, whereas y(x, f) is a nonlinear time-varying
operator satisfying w: R X Ry — R. It is assumed that w(x, 1) is a
continuous sector-bounded nonlinearity, that is,
(1) € R,

ax(t) <wy(x,t) <Bx(1), a,BER (22)

If y(x, t) =w(t)x(t), the sector condition (22) becomes

a<y(t) <p, a BER (23)

Also, let
H(s) £ K\ (5)Ky(s)Ks(s) (24)

Assumption 1: H(s) is stable, and its poles on the imaginary axis
are distinct.

Referring to the system of Fig. 4, the following definition is
used.!’

Definition 4: The system of Fig. 4 is said to be L /L* stable if
andonlyifu(t) € L [0, t;]implies z(t) € L™ [0, t] and, moreover,

M E p(u)
(25)

Several theorems providing sufficient conditionsfor L* / L™ stabil-
ity can be foundin the literature.'°~12!8 The theorem we shall apply
is based on the well-known small-gain theorem.'>!> The small-gain
approach states a sufficient stability condition of L* stability of a
closed-loop system, based on the L -induced norms of the forward
and feedback paths. Thus, the nonlinearity must be confined in a
sector [Egs. (22) and (23)]. To obtain a useful result concerning the
L> /L* stability of the PNG loop, the following formulation of the
small-gain theorem is used.'”

Theorem I: Considerthe system shown in Fig. 4. Under Assump-
tion 1, if

lzOlleo < pllu@®)llw, V(1) € L*[0, 1],

| HGw
TR\ T B2 HGe |, T 26)
h(t) € A, (27)

then the system is L*/L* stable and ||z]lo <u(y)|lulle, where
the constant u(y) is, at most, a function of y only.

Proof: See Ref. 12. O

Remark 2: A celebrated L2/ L? stability theorem for the system of
Fig. 4, known as the circle criterion, was obtained in Ref. 19 based
on Eq. (26). It can be shown that the circle criterion is an applica-
tion of the small-gain theorem.'> However, to extend the result to
L® /L™ stability, the additional conditione®h(t) € L' N L%, &> 0,
together with the shifted Nyquist plot of H(jw) were used.!' In a
more recent work,'? it was shown that Eq. (27) could be used as
an additional conditionneeded for L* /L™ stability. This condition
is less conservative then previous results. Furthermore, the shifted
Nyquist plot need not be used.

To clarify the relationship between Eq. (26) and the circle crite-
rion, we consider the following lemma.

Lemma 1:Equation(26) is equivalentto the conditionRe H (j @) >
—(1/B)Vw € R.

Proof: Notice that Eq. (26) can be rewritten as

BIVIH(jo)| <1 + (B/2)H(jw)l, Vo€ R (28)

Thus,

B/2-vVREH(jow) + Im*H(jw)

< V1 +B/2-ReH(jo)P +[B/2-ImH(jo)?

Vo€ R (29)

Simplifying both parts of the inequality yields ReH(jw) >
—(1/B)Vw € Q. m|

In the next section, an applicationof Theorem 1 and Lemma 1 in
a PNG loop will be discussed.

V. Application of the Stability Theorem in a PNG Loop

One can observe that there is a complete equivalence between
the problem formulated in Sec. III, especially Eq. (21), and that
L™ /L* stability definition given in regard to the system delineated
in Fig. 4. Furthermore, it can be shown in a straightforward manner
that a PNG loop is a particular case of the general setting.

Consider the simplified PNG loop shown in Fig. 5. The resem-
blance to the system of Fig. 4 is obvious:

u(t) = ar(1), 2(1) = au(1) (30)

Ki(s) =1, Ky(s)=N'"-5-G(s), Ki(s)=1/s> (31)
vx,t)=w(t) =1/t =1/(ty — 1) € [0, ), Yt €[0,1f)

(32)

H(s) = K\()Ka(s)K3(s) = N'G(s)/s (33)

Equation (33) renders the total dynamics of the PNG loop. Re-
stricting conditions on the transfer function H (s) will be found that
characterize the nonsaturatingclass of PN-based guidance systems.

Assumption 2: G(0) =1, thatis, N, is the total gain of the LTI
portion of the PNG loop.

Assumption 3: G(s) is asymptotically stable.

Note that the Assumption 3 does not confine the generality of the
treatment. This is because G(s) represents the missile closed-loop
autopilot and seeker measurement dynamics, which are designed
such that asymptotic stability is guaranteed.

Next, consider Eq. (26). In the case of PNG, the nonlinear time-
varying element y(x, t) reduces to a linear time-varying function
(32). Note that, due to Eq. (32), this function is confined in the
sector a =0, B — o . Therefore, according to Lemma 1, Eq. (26) is
satisfied if

N'G(j
e& ZO
Jo

ReH(jw) =R R Vo € R (34)

or equivalently,
H(jw) € {PR} (35)

Lemma 2: If Eq. (34) holds, then y =1.
Proof: According to Lemma 1, Eq. (34) is equivalentto Eq. (26).
Thus, define

H(jo)

aBl__Hyo)
N = 5 aGw | = (36)

Substituting H(jw) =N'G(jw)/jo into Eq. (36) yields

B

N'G(j
Flo) = . (jo)

jo+ B/I2-N'G(jo)

=<1 (37)

Target Missile
Maneuver Acceleration

a(t) 1 ay (1)
e e I : NARCE] S

“

Fig.5 Simplified PNG loop.
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Recall Assumption 2. It is simple to note that assigning @ =0 into
Eq. (37) yields

ﬂ !
0)=—|———| =1 38
fO =3 |55 (38)
However, according to Eq. (36), f(w) <I; thus, we have
B H(jow)
V= T HGey| @

In the sequel, Lemma 2 is exploited in the derivation of the main
resultof the study. We proceed with the applicationof the additional
condition of Theorem 1.
Lemma 3: Under Assumption3 and H (s) asin Eq. (33), h(?) € A,.
Proof: Assumption 3 assures that the residue of the pole s =0
is 1, and so H(s) can be written in the following partial fraction
description:

H(s) = H(s) + N'/s (39)

with H,(s) strictly proper. Assumption 3 also guarantees that H, (s)
consists of a sum of asymptotically stable transfer functions. There-
fore, || H, ||, < o0 (e.g.,seeRef. 16), whichimplies &, (¢) € L2. From
the same reasons, we have || H;||; < oo (Ref. 16). Consequently,

hy(t)e L' nL? (40)

Now, it is required to show that t/,(¢) € L' N L?. This will be done
by applying the following characteristic of the Laplace transform:

Llth ()] = —@

41)
H,(s) is a rational function, that is, H,(s) =N(s)/D(s). Let
deg[N(s)] =¢q and deg[ D(s)] = p. Because H| (s) is strictly proper,
its relative order satisfies

r&p—qg>0 (42)
Note that
dH(s) \ _ (dN(s)/ds- D(s) —dD(s)/ds - N(s)
" ds = D2(s)
=2p-(@-1+p)=(p-g)+t1>0 (43)

where the last inequality in Eq. (43) stems from Eq. (42).

Equation (43) shows that —[dH,(s)/ds] is strictly proper. Be-
cause H;(s) is asymptotically stable, —[dH,(s)/ds] is asymptoti-
cally stable as well because the differentiation does not alter the
denominator polynomial. Thus, we have

—dH,(s)
ds
Equations (40) and (44) yield the result

EL'NL>= th(t) e L'NL? (44)

hi(t) € A (45)

Now, observe Eq. (39). The term N'/s is strictly proper. Together
with Eq. (45), we obtain h(t) € A, (see Definition 2). O

In the following section, the results obtained are applied to the
establishmentof design guidelines that prevent the guidance system
saturation.

VI. Design Implications

The results obtained thus far suggested that a PNG system is
L% /L* stable provided that H(s) € {PR}. In this case, for any
ar € L*[0, t;] there exists u(y) such that [laylle <p(y)llarle.
It was also proved that if H(s) € {PR}, y =1. To get quantitative
information regarding the required missile-target maneuver ratio,
1 (y) shouldbe found. Thus, the followingtheoremis contemplated.

Theorem 2: If H(s) € {PR}, then

!

lamlle < llarlle, Var € L*[0, 1]

N -2

Proof: The required maneuveraccelerationof a PN guided missile
with ideal dynamics, that is, G(s) =1 and H(s) =1/s, against a
constantly maneuvering target is’

ay(® _ N - (1-L v (46)
ar N =2 1

Note that in this case

(7) SUP; efo.11am | sUp; o, lanl N'
py) = = -
SUp; o110 ar N —2

VN’ > 2, ar =const (47)
However, the case H(s) =1/s is a particular case of H(s) € {PR}.
According to Theorem 1, p(y) is a function of y only Va; €L% [0,
t;]. Lemma 2 states that for any H(s)€ {PR}, that is,
ReH(jw) =0 Vw€ R, we have y =1. Thus, u(y) has the value
givenin Eq. (47) for any H(s) € {PR}and Va; € L*[0, ¢,]. O

The consequenceof Theorem?2 shouldbeinterpretedas follows. If
the PNG systemis designedsuchthat H(s) € {PR},and N'/ (N’ —2)
is chosen to be higher then the a priori known missile-target maneu-
ver ratio, acceleration saturation will be avoided. This is provided
thatthe targetmaneuversatisfiesar € L* [0, t;]. Nevertheless, most
physicaltarget maneuvers,such as aconstantmaneuver, a sinusoidal
maneuver, or a bang-bang maneuver, are L” bounded. Theorem 2
expands the results known in the literature because it shows that the
required missile-target maneuver ratio should be N’/(N' —2) not
only for an ideal missile and a constant target maneuver, but also
for any missile dynamics satisfying Re H(j®w) =0 Vw € R and any
target maneuver with bounded maximal value.

It is desirable to formulate the condition H(s) € {PR} in terms
of the transfer function G(s). For this reason, the next lemma is
introduced:

Lemma4: H(s) € {PR}if and onlyif G(s) is a phase lead network
with maximal phase lead not exceeding 180 deg.

Proof: Recall Eq. (12). Because LH(jo)=LG(jw)— /2,
H(s)€e{PR}ifand onlyif 0 <.(G(jow) <m. O

In view of the precedingdiscussion,we may summarize the design
guidelines sufficient to avoid output acceleration saturation.

1) Given flight control dynamics G,(s) and seeker dynamics
G, (s), design a controller K (s) such that G(s) =K (5)G(5)G,(s)
is a phase lead network with a maximal phase lead not exceeding
180 deg.

2) Given the missile-target maneuver ratio g, choose N’ such
that N'/(N' — 2) =u,, or equivalently N' =>2pq/ (o — 1).

From design guideline 2 it is obvious that the smaller u, is, the
larger N’ should be chosen.

When following the design guidelines, it is assured that saturation
is prevented. Yet, the most obvious questionasked is how this design
influences the miss distance. It is subsequently shown that L* / L*
stability is strongly associated with miss distance.

It was proved in previous studies'>!* that if the guidance system
is linear, and in addition

H(s) € Z 2 (H(s) | r[H(s)] = 1) (48)

ZMD will be obtained for any bounded target maneuver. The con-
sequence of Eq. (48) is as follows: If the saturations of the guidance
loop remain inactive, then if the degree of the numerator of G(s)
equalsthe degree of the denominatorof G (s), ZMD will be obtained
for any flight time and any bounded target maneuver. We empha-
size that this important theoretical result was rigorously proved in
Refs. 13 and 14.

In our case, the nonlinearitiesembedded in the guidance system
are not active, and it is assured that the operating region of the state
variablesis linear. Hence, we can examine the miss distanceutilizing
the assumption of linearity, as was done in Refs. 13 and 14. Also,
due to Eq. (13), it is clear that

{PR}c Z (49)
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thatis, the class of transfer functionsthat guaranteesoperationin the
nonsaturating region is a subset of the class that guarantees ZMD.
Thus, if design principles 1 and 2 are followed, not only saturation
is prevented, but ZMD shall be rendered. Consequently, the PNG-
based systems satisfying design principles 1 and 2 will be called
hereafter ZMD-PNG systems. In the sequel, we illustrate the ZMD
property by simulation (Sec. VIIL.D).

VII. Preventing Saturation of Additional
State Variables
The treatmentthus far canbe repeatedin the contextof preventing
saturation in state variables such as ac and A. It is known that for
ideal missile dynamics’

acy _ N[ (o) 50
ar N =2 1

Consequently, as was the case for ay,, parameter u(y) =N'/(N' —
2). Thus, if design principles 1 and 2 are followed, commanded
acceleration saturation will be avoided as well.

It is also known® that for ideal missile dynamics,

M 1 o, Ni=2
) |:1 (l ;) :| (51)

ar  Vo(N' —

In this case we have u(y) =1/ Vc(N' — 2). Without a loss of gen-
erality, we can normalize ar to obtain |[ar|| = 1. Given the max-
imal allowed LOS angular rate A,,,, design guideline 1 remains
unchanged. Equivalently to design guideline 2, N’ should be cho-
sen as follows:

N' =2+ 1/ Ve (52)

VIII. Illustrative Examples
The design process proposed will be illustrated using a third-
order model of G(s). The flight control dynamics are assumed to
be a second-ordertransfer function with damping ¢ and natural fre-
quency @,, and the seeker LOS measurementdynamics are modeled
by a single time lag. As a result, we get

Gi()Ga(s) = 1/[(ms + 1) - (* [ + 25/, +1)]  (53)
Let

7, =03s, ¢ =0.5, w, =10 rad/s (54)

With missile-target maneuver ratio
o =2 (55)

Accordingto design principle 1, we should designa controller K ()
such that G(s) = K(5)G(s)G,(s) satisfies 0 <LG(s) <180 deg.
Consider the following controller:

3

K(s) =1_[(rzis+ 1) (56)

i=1

For simplicity, let 7, = t,. To minimize noise amplification, the
smallest 7, should be chosen. A straightforward examination
shows that 7, =0.23 satisfies the phase lead requirement. Figure 6
shows the phase plot of G(s) before and after adding the con-
troller. It is seen that the controller shifts the phase plot such that
0=<.G(s) <58 < 180 deg. Thus, design principle 1 is satisfied.

Controller(56) shallbe called an ideal controller,and the resulting
PN-based guidance law will be called ideal ZMD-PNG.

Because K (s) is a PD controller, noise amplification problems
might arise. To partially overcome the problem, the following con-
troller is suggested:

3

- + 1
K(s) =ﬂ (e (57)
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Fig.6 Phase plot before and after adding a controller.
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Fig. 7 Maneuver acceleration comparison for a constant target ma-
neuver.

It is apparent that with this type of a controller, design principle 1
cannot be accomplishedbecause Eq. (13) is not satisfied and, hence,
H(s) € {PR}. Nonetheless, if the additional lag is not too large, we
can still prevent acceleration saturation. Let tp, = 7p and 75, =15.
If 7p is small enough, the phase lag will occur at high frequen-
cies, higher than the typical missile operating frequencies. Thus, no
substantial degradation of performanceis expected although design
principle 1 is not fulfilled. We chose the value 7, =0.05. Controller
(57) shall be called an actual controller, and the resulting PN-based
guidance law will be called actual ZMD-PNG.

After designing the appropriate controller, according to design
principle 2 it is required that N’ >[2.2/(2 — 1)] =4.

The performance of the guidance loop is evaluated in four cases:
PNG, ideal ZMD-PNG, actual ZMD-PNG, and augmented PN
(APN). Also, we considerthree types of target maneuvers: a constant
maneuver, a sinusoidal (weave) maneuver, and a random telegraph
maneuver.

A. Constant Target Maneuver

Leta; =1 g, and ¢, =5 s. Figure 7 shows a comparison of the
missile maneuver acceleration for the four cases. Notice that when
PNG is employed, the accelerationreaches its 2-g limit 2 s before
flightend, resultingin a miss of 1 m. However, in the case of ZMD-
PNG, no saturation occurs because, sup, |ay| <N'/(N' =2) =
The miss distance is negligible. It is also apparent that the ZMD-
PNG performanceremains almost unchanged when the ideal case is
corrupted by using an additional small lag. The APN presents a fair
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performance: Although saturation is prevented, the APN requires a
larger maneuver effort than the ZMD-PNG.

B. Sinusoidal Target Maneuver
The sinusoidal target maneuver satisfies

ar = ar, sin(wrt) (58)

Letay =1 g, or =2.5rad/s, and 1, =5 s. Figure 8 shows the ab-
solute value of missile accelerationfor the four guidance laws con-
sidered. Notice that in the case of PNG, the acceleration saturates,
causing a miss distance of 0.5 m. However, ZMD-PNG does not
saturate, both in the ideal and actual cases, and the miss distance is
negligible. The APN guidance law exhibits a poor performance. It
saturates after 2 s and keeps bouncing between the accelerationlim-
its, thus causing a miss distance of 3.1 m. This is because APN is an
optimal guidance law for an ideal missile dynamics [G(s) = 1] and
a constant target maneuver, which is not satisfied in this example.
Hence, APN is not a suitable guidance law for the case discussed.

C. Random Telegraph Maneuver

Recall that a random telegraph maneuver represents a policy,
starting at time zero, in which the target executes either a maxi-
mum positive or negative acceleration *ar such that the number
of sign changes per second follows a Poisson distribution and the
average number of sign changes is v per second. Let ay =1 g,
v=1,and t; =5 s. Figure 9 shows the absolute value of missile ac-
celeration for the four guidance laws considered. Some interesting
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Fig.8 Maneuver acceleration comparison for a sinusoidal target ma-
neuver.
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Fig.9 Maneuver acceleration comparison for a random telegraph tar-
get maneuver.
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Fig.10 Comparisonof rms miss distanceshows thatactualZMD-PNG
gives negligible miss distance against a target performing a random-
telegraph maneuver.

observations can be drawn from Fig. 9. PNG saturates 0.5 s before
flight termination. The ideal ZMD-PNG does not saturate. Conse-
quently, although deterministic target maneuvers were considered
in the analysis, it is evident that, even in case of a random target
maneuver, such as random telegraph, the new guidance law pre-
vents missile acceleration saturation. When a small lag is used, that
is, actual ZMD-PNG, the acceleration saturates very close to flight
termination, thus causing a negligible miss distance. APN does not
exhibita feasibleperformance;as was mentionedin Sec. VIIL.B, this
guidance law cannot deal adequately with nonconstant maneuvers
when the missile dynamics is nonideal.

D. Miss Distance Analysis

It was mentioned earlier that ZMD-PNG in its ideal form in-
duces ZMD. This shall be illustrated using a Monte Carlo simula-
tion designed to examine miss distance statistically as a function of
flight time. In the Monte Carlo simulation we assumed a random-
telegraph target maneuver with the parameter values assumed in
Sec. VIIL.C and the missile model given in Egs. (53-56). To evalu-
ate the ZMD-PNG performancein a stochasticenvironment,a zero-
mean Gaussian white noise with a standard deviation of 0.05 deg/s
was added to the LOS measurement. The guidance laws considered
were PNG; actual ZMD-PNG, that is, ZMD-PNG with a small lag
to account for noise [see Eq. (57)]; and APN. Figure 10 shows rms
values of miss distance as a function of flight time. It is seen that
PNG yields miss distances that range from 1.5 to 2 m. APN ex-
hibits a worse performance, with a miss ranging from 2 to 2.5 m.
However, actual ZMD-PNG yields a small miss, of about 0.05 m.
The miss distance with actual ZMD-PNG is not identically zero
because of the small lag incorporated to deal with noise filtering.
Thus, we conclude that the ZMD-PNG considerablyimproves miss
distance, even when the target maneuver is of random type and the
LOS measurement is corrupted by noise.

IX. Conclusions

This paper presented a simple improvement to the well-known
PNG law that assured that saturation of maneuver acceleration or
otherlimited state variables was prevented. Based on previous stud-
ies and an illustrative example, it was shown that preventing satura-
tion yields ZMD. The improved guidance, called ZMD-PNG, was
based on the assumption that the target maneuver was bounded.
ZMD-PNG offered two design guidelines to follow: First, the total
dynamics of the guidance system should be designed PR. Second,
the effective PN constant should be chosen according to a simple
function of the given missile-target maneuver ratio. The new guid-
ance law exhibiteda significantimprovementcomparedto PNG. The
main disadvantageof the proposedlaw is that it might increasenoise
sensitivity. However, this obstaclecould be overcomeby introducing
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some lag into the system. Some examples illustrated that the new
guidance law is robust to small deviations from the design guide-
lines. Illustrativeexamples have validated the analysis, showing that
aconsiderableimprovementin miss distancecould be obtained. This
is true both for deterministic and random target maneuvers.
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